SPECTER: Efficient

Evaluation of the Spectral
EMD

Rikab Gambhir

Email me questions at rikab@mit.edu!
Based on [RG, Larkoski, Thaler, 23XX. XXXX]
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The Wasserstein Metric, a.ka. Earth/Energy Mover’s Distance (EMD) has
seen increasing interest in jet physics:
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both computationally, and also in QCD calculations...

But! The EMD is hard/expensive to calculate, and even harder to minimize...

/\ Not an exhaustive list, let me know if | haven’t included your recent EMD application!
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Today ...

Making the EMD and
associated observables
easier and faster to

calculate using the
Spectral EMD (SEMD) and

SPECTER

With these tools, we can calculate this dark curve

SPECTER

Old Method: ~ 3 hours 10°1 cms Open Sim 1-(sp)Ringiness
New (Numeric): ~15 min 2011Ajets, 10k Events SHAPER
New (Closed Form): ~3 sec + SPECTER
On my laptop’s CPU 102/ "'-3 + Closed-Form
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in seconds, equivalent to ~10® OT problems’!
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108 = 10k events X ~150 epochs

/\ Logo made with DALL-E. Preliminary.
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"[Larkoski, Thaler, 2305.03751]
[Larkoski, RG, Thaler, 23XX.XXXX]

Central Idea: use the Spectral EMD'!

For p = 2, possible to find an exact solution for the optimal transport
problem on the spectral representation of events:

SEMDg,—3(s4,88) = »  2EEwi+ » 2EEw]
1<je€a i<je€np

-2 Z WnWi (Illlll [94( ) S'B(“")l )] max [54( ) qB("‘"l )])
nefq,lef3

X O (SA(UJ,T) —_ SB(wl_)) © (SB(UJ;") — 5'4(&.0,7)) :

Can be computed exactly in O(N?logN), as opposed to the full EMD in O(N°)
Closed form, easy derivatives and extremely easy to calculate programmatically!

Our framework for doing SPEC TER
this, built in Python with JAX

See also: Sinkhorn, Sliced Wasserstein, WGANSs, Linearized EMDs, ...
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EMD = Work done to move “dirt” optimally

For events A, B, the p spectral
EMD is defined as (1D OT!): SEMDg (54, 5B) 5/
0

E;

dE2 |SZI(E2) _ Sél(EQ)lP

S = cumulative spectral
function

* indicates whether or not to
include w in the,sum

The spectral density function

The trick: Sum over pairs n

of particles within each N N
event. s(w)=Y_> EiE;é(w - w(i, )
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Looks like O(N#), but with Reduces events to 1D, while preserving .
clever sorting & indexing in all’ information about the event, up to
1D, reduces to O(N?)! translations and rotations. s oz obe oz

“up to measure 0, but important degeneracies, ask me about this later!
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[Ba, Dogra, RG, Tasissa, Thaler, 2302.12266

1. W, Stewart, .

Observable = Manifolds

With a geometry based metric, we can now

define IRC-Safe Shape Observables by Many existing observables have this form! OM(S):S',”;I\'AEMD(&E&)
finding events that minimize the metric: e e

e N-jettiness = Manifold of N-point events with floating total energy
e Thrust = Manifold of back-to-back point events

e Event Isotropy = Uniform distribution

e ... and more!

Al of the form “How much like [shape] does my event look like?”

O g — min SEMD S g 78 g, We generalize this to build more observables!
(€) = min [SEMD(s(€). s(€")
)| Seei.e. my talk from i
_ _ - ML4Jets 2022!
e.g. How 2-pointy are jets? (2-subjettiness) 04 SPECTER
Minimize the metric over 2-particle events N=180 Isosceles Events
0.35{ —— General SPECTER, t=0.37s
—— Reduced SPECTER, t=6.7Tms
® E=1/3 o 0.301 —— 2(SHAPER)?, t=2.9s
W42 0
® E, £ 0.251
o’ o E, 5020
E=1/3 E=1/3 5
;,-50.15-
Pictured: Approximating the 2-subjettiness with 0.10
the spectral 2-s(p)ubjettiness, which is much 0.5
faster!
Closed form: Only need to solve for 2E E, 000 6 w3 w2 2a3 526 =
Openinag Anale [Rad]

Not all spectral functions correspond to a physical event, so we must choose whether we minimize over events or spectral functions — ask me about “ghost events” later!
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Full Example: How “ring-like” are jets?

Step 1: Define the shape with parameters
A=E, ./ 21R

def sample_circle(params, N, seed):

thetas = jax.random.uniform(seed, shap
x = params["Radius"] * jnp.cos(thetas)
y = params["Radius"] * jnp.sin(thetas)

Unlike ordinary EMD, not necessary to specify center / orientation!

Shapes are parameterized
distributions of energy on the
detector space.

Many of your favorite observables,
like N-(sub)jettiness, thrust, and
angularities take the form of finding
the shape that best fits an event’s
energy distribution.

Custom shapes define custom
IRC-safe observables — to define a
shape, all you need is to define a
parameterized energy distribution
and how to sample points from it!
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Full Example: How “ring-like” are jets?

Step 1: Define the shape with parameters
A=E, ./ 21R

/

def sample_circle(params, N, seed):

thetas = jax.random.uniform(seed, shap

x = params["Radius"] * jnp.cos(thetas)
y = params["Radius"] * jnp.sin(thetas)

Unlike ordinary EMD, not necessary to specify center / orientation!

The p = 2 spectral EMD between two sets

of discrete points has a closed-form
solution with only binary discrete
minimizations.

We discretize our shape by randomly
sampling points from it.

If the spectral functions are sorted, can
compute the SEMD in ~O(N?logN) time!

|

Step 2: Sample from Parameterized Shapes
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Step 3: Calculate the spectral metric between
events and shapes

SEMDg,—2(s4,58) = 2EEjwl+ Y 2EEjw}

i<je€a 1<jelp

-2 Z WnWi (min [SA(w:'), SB(wf)] — max [S4(w;) SB(wl_)])
nefl leE}

x O (Salw;) — Se(w;)) © (SB(w}") — Salw;)) .

Key difference from previous work: We use the SEMD, not the EMD!
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Full Example: How “ring-like” are jets?

Step 2: Sample from Parameterized Shapes
. . 0o :
Step 1: Define the shape with parameters 89 .0. % € ¢
o 0 y
A=E, /21R > 'Y ® o
tot
71 o o
def sample_circle(params, N, seed): ® ..
[
thetas = jax.random.uniform(seed, shap o .. .
x = params["Radius"] * jnp.cos(thetas) .‘... )
y = params["Radius"] * jnp.sin(thetas)

Unlike ordinary EMD, not necessary to specify center / orientation! Step 3: Calculate the spectral metric between
events and shapes

SEMDg,—(sa,s8) = Y 2EEjwi+ Y 2EEw]

We have an explicit formula for th_e 2 Y e i [Sa (). Sn(e)] - max [Saer) S
spectral EMD, so we can automatically

differentiate through it

x O (Salw;) — Se(w;)) © (SB(w}") — Salw;)) .

Key difference from previous work: We use the SEMD, not the EMD!

Standard ML procedure: Sample, Step 4: Minimize w.r.t. parameters using grads
calculate gradients, gradient descent, o e
repeat! Analogous to WGANS.

CMS Open Sim
11111 Jets, Event 0

Azimuthal Angle
|

-073p

750 -0.375 0.000 0.375 0.750
Rapidity

/\ Pictured: Animation of optimizing for toheufurac‘l’.izus (’;? SCTCTE
| | N -
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Our code framework °
Full Example: How “ring-like” are jets? s P E CTE R for these calculations

SPECTER

Step 2: Sample from Parameterized Shapes
. . 0o :
Step 1: Define the shape with parameters 89 .0. % € ¢
o ® s
A=E,_/21R > 'Y ® o
tot
P71 o o
def sample_circle(params, N, seed): ® ..
)
thetas = jax.random.uniform(seed, shap o .. N
x = params["Radius"] * jnp.cos(thetas) .‘... )
y = params["Radius"] * jnp.sin(thetas)

Unlike ordinary EMD, not necessary to specify center / orientation! Step 3: Calculate the spectral metric between
events and shapes
. . SEMDg —s(s4, $8) = 2E;Ejw} + 2E; Ejwl;
SPECTER is our code interface for 2, 2,
performing these steps: sampling from B SR R
user-defined shapes, calculating X O (Sar) = S5(01)) O (Sp(el) ~ Salr)
Spectral fu nct|ons and d |fferent|ab|e Key difference from previous work: We use the SEMD, not the EMD!
EMDS, and optimizing over

{ Step 4: Minimize w.r.t. parameters using grads
pa rame erS. 0.75 SPECTER 12 - SPECTER

CMS Open Sim
11111 Jets, Event 0

Built in highly parallelized and :
compiled JAX A

Azimuthal Angle

-073p

750 -0.375 0.000 0.375 0.750
Rapidity

Pictured: Animation of optimizing for the radius R~
/\ SPECTER is a “sequel” to SHAPER, introduced last ML4Jets. SPECTER is not an acronym, don’t ask me what it stands for.
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Full Example: How “ring-like” are jets?

SPECTER

Our code framework
for these calculations

Step 1: Define the shape with parameters
A=E, ./ 21R

def sample_circle(params, N, seed):

thetas = jax.random.uniform(seed, shap
x = params["Radius"] * jnp.cos(thetas)
y = params["Radius"] * jnp.sin(thetas)

L~

/

Unlike ordinary EMD, not necessary to specify center / orientation!

Pictured: 10k Jets, CMS 2011AJets Open Sim

=\

Step 5: Plots!

SPECTER SPECTER

102 10°

SEMDg,—2(s4,58) = 2EEjwl+ Y 2EEjw}

-2

1<je€a

Y,

ne&l, le}

1<jelp

Step 2: Sample from Parameterized Shapes
Y ... S
80 ..o o .. e .
o
> o H
y S
® o
° .
00.0‘. .

Step 3: Calculate the spectral metric between
events and shapes

WnWi (min [S,;(w:'). SB(wf')] — max [S_4(w;), S'B(wl_)])

x O (Salw;) — Se(w;)) © (SB(w}") — Salw;)) .

Key difference from previous work: We use the SEMD, not the EMD!

Step 4: Minimize w.r.t. parameters using grads

CMS Open Sim 1-(sp)Ringiness CMS Open Sim 1-(sp)Ringiness
2011AJets, 10k Events SHAPER 2011AJets, 10k Events SHAPER 0750 SPECTER o SPECTER
+  SPECTER +  SPECTER e openam e CMS Open Sim Epoch: 0
L +  Closed-Form 102 + Closed-Form 2011Ajets, Event 0 1o el S
10! Cocs 3
. g @ X 0375 . §
L g
N B, s | [f L% g g r foe
B & * k] + I“V‘B— = § =
& ¢ L g 10t |* " 5 £
4 10° L‘HJU a ‘%‘Lﬂ g 0000 Los
( fi f; M‘HJUH £ ¢
U < k]
f % iy, o075 Zoa
. 100 JJW s |
10 Radius: 0.011 el
SEMD: 0.094 fadius: 0.011
-0.75 ISEMD: 0.094
| 20750 —0.375 0.000 0375 0750 sl
0.0 0.1 0.2 0.3 0.00 001 002 003 004 0.05 Regidity CONC
Radius (FIEMD Pictured: Animation of optimizing for the radius R
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Full Example: How “ring-like” are jets?

Pictured: 10k Jets, CMS 2011AJets Open Sim

def samp

A=E,/ 21TR

Unlike ordinary EMD, not necessary to s
—

Step 1: Define the shape with parameters

Alternatively...

The spectral EMD, and its optimization, are often
partially or completely solvable in closed form!

2 ;
Ropt = Z Wn | SINn
T

neg?
Wy <Wnit

ot p<meg?
Wm<Wm+1

% Y (QEE)n | —sin (% ¥ (2EE)m)

SEMDg p—3 (8, Sjet ring) = Y, 2EiEjuwij — 2E g, Roy
i<je€
For many shapes, we can completely short circuit
having to perform expensive optimization over an

optimal transport problem entirely!

Step 5: Plots!

SPECTER

2011AJets, 10k Events

10t

Density

10°

1071 ¢

10} cMS Open Sim 1-(sp)Ringiness

'\ SHAPER

+ SPECTER
+ Closed-Form

10%

10°

SPECTER

CMS Open Sim 1-(sp)Ringiness
2011AJets, 10k Events . spApPER

+ SPECTER
+ Closed-Form

BT
000 001 002 0.03 004 0.05

(s)EMD
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To distinguish SEMD observables from EMD observables, | will add “s” or “sp”

Hearing Jets (sp)Ring

EMD
10 1-Ringiness, SIM Jets, Epoch init
0.5
2 .,
< ,‘.io
T 00 s
o 4
5
=
N
< *
.;.'-'
-0.5 :
x: (-0.00, 0.00), z: 1.00, Rad: 0.00
EMD: inf
205 05 0.0 05 1.0

Rapidity

Calculated using SHAPER
Position of ring must be
optimized — can use as jet
algorithm

¥ o
o A . .

Small R Jet Large R Jet
Spectral EMD
SPECTER
6750 SPECTER 1.2 p—— o
CMS Open Sim . poch:
2011AJ2ts, Event 0 EPOCHS 2011AJets, Event 0
1.0/
_ :
0.375 . g |
by e £08{ |
i 5 |
0.000 = %0.6{ |
n 1
“>-‘ |
= !
e é 041 ,
-0.375 % '
2 o :
Radius: 0.011 0.2¢ | )
SEMD: 0.094 : 0.
i ISEMD: 0.094
) —%).750 -0.375 0.000 0.375 0.7° ool : , : ,
Rapidity 0.0 02 04 06 08 10
w

Calculated using SPECTER
Translationally invariant — no need to optimize over position
Secretly a 1D optimal transport problem over the spectral function

ZN
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Hearing Jets (sp)Ring

Runtimes (Laptop CPU 12th Gen ntel(R) Core(Tm) i7-12550):
SHAPER (EMD): ~ 3 hours / 10k events
Generalized SPECTER: ~15 minutes / 10k events
Closed Form SPECTER: ~3 seconds / 10k events

The SEMD and EMD give qualitatively different radii!
We can try to use our expression for Ropt to do
fixed-order calculations to try to understand the the

SEMD result:

Density

102

10!

10°

107t

SPECTER

CMS Open Sim

2011AJets, 10k Events SHAPER

1-(sp)Ringiness

+ SPECTER
+ Closed-Form

103

10°

0.0 0.1 0.2 0.3
Radius
SPECTER
CMS Open Sim 1-(sp)Ringiness
2011AJets, 10k Events SHAPER
+ SPECTER
A + Closed-Form
)
. ]
+ oA
} *@w

0.00

0.01

0.02 0.03 0.04 0.05

=
14)
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SPECTER

Hearing Jets (sp)Ring

= |.O Caclulation
1 + SPECTER
Runtimes (Laptop CPU 12th Gen ntel(R) Core(Tm) i7-12550): #+  GosedFom
SHAPER (EMD): ~ 3 hours / 10k events z :
Generalized SPECTER: ~15 minutes / 10k events 8 100
Closed Form SPECTER: ~3 seconds / 10k events ' "
. . . . . 101
The SEMD and EMD give qualitatively different radii! Jd
We can try to use our expression for Ropt to do Ga I
fixed-order calculations to try to understand the the rade e
SEMD reSUIt 10° CMS Open Sim 1-(sp)Ringiness
2011AJets, 10k Events SHAPER
2 + SPECTER
Ropt. i ; w sin (Z(]. . Z)ﬂ') 102 ."\’5" + Closed-Form
¢ L%
do©  ag Bap 2 i B y
~—= ; — [ dz Py(2)0(Rypt — Ropt(2, 0 g1 *
T~ 25 G e P (R = Ro(:0) L
=] | P!
t
quark/gluon fraction quark/gluon splitting function T ﬂ
0.00 0.01 0.02 0.03 0.04 0.05
(s)EMD
L
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SPECTER

CMS Open Sim

2011AJets, 10k Events SHAPER

1-(sp)Ringiness

= | .0 Caclulation
+ SPECTER
+ Closed-Form

Hearing Jets (sp)Ring 1°
Runtimes (Laptop CPU 12th Gen ntel(R) Core(Tm) i7-12550): 1
SHAPER (EMD): ~ 3 hours / 10k events z
Generalized SPECTER: ~15 minutes / 10k events 8 100
Closed Form SPECTER: ~3 seconds / 10k events

The SEMD and EMD give qualitatively different radii!

We can try to use our expression for Ropt to do

fixed-order calculations to try to understand the the

SEMD result: 1o*

L —
Ropt = —w sin (2(1 — 2z)m) 102
do©  ag Ridp ' glol
~— ; — dz P;(2)0(Ropt — Ropt(2, 6 =
e i;qf/() 7 || 42 PAe)6(Rops = Rope(2.0)
| |

quark/gluon fraction quark/gluon splitting function

It’s possible to gain a first-principles understanding

0.0 0.1 0.2 0.3
Radius
SPECTER
CMS Open Sim 1-(sp)Ringiness
2011AJets, 10k Events SHAPER
+ SPECTER
A + Closed-Form
)
¢ 2
. 1
+ oA
} *@w

0.00

0.01

0.02 0.03 0.04 0.05
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Things to think about:

The current implementation of SPECTER, shown today takes O(N?) more
memory than it ideally needs to, but this is not a fundamental issue and can
be solved by staring at JAX documentation for even longer.

For pairs of events with just a few particles, the SEMD and EMD? agree
exactly before degenerate points in phase space — can we identify precisely
when this happens?

Not every shape has a completely closed-form solution, but it is usually
possible to partially simplify and reduce the problem to 1D minimization, 1D
root finding, or simple 1D numeric integrals.

Closed-form and simple expressions means perturbative calculations may
be possible — can we predict the radius of a jet to LO, NLO, LL, NLL, ...?

2)
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Conclusion

The spectral EMD can be used as an alternative to, or an
approximation of, the EMD. It is fast and easy to minimize.

SPECTER is a code package for efficiently evaluating
the spectral EMD and calculating shape observables.

With the spectral EMD, many jet observables can be
understood in closed form.



mailto:rikab@mit.edu

Appendices

/\ N
19 ) Rikab Gambhir — ML4Jets — 08 November 2023 [ |||"



Degeneracies

Event Space

Highly symmetric
configurations have
degenerate spectral
functions!

e.g. Equilateral Triangles’
“look like” 2 particle
events in their spectral
functions!

*with the right energy weights.

/\ H
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)

Degeneracies (Continued)

o __
=o70 o ® For this precise energy
12 E . : :
2 configuration, equilateral
o’ O E, triangles are exactly
E=2/3 E=1/6 degenerate with 2 particle
010 SPECTER events — so the §pectra| EMD
N =180 Isosceles Events Only sees 2 part|C|eS!
—— General SPECTER, t=0.37s
0.081 —— Reduced SPECTER, t=6.Tms . .
— (SHAPER)?, t—2.9s Only measure 0 configuration
@ of events — but events near
£ 0.06 . .
£ this give spectral EMDs near
E zero against 2 particle events.
£0.04
ol
0.021
0.00"

76 /3 a2 2x/3 5q/6 =
Opening Angle [Rad]

*with the right energy weights.
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Full Example: How “ring-like” are jets?

Step 1: Define the shape with parameters
J=E, /2R

def sample_circle(params, N, seed):

thetas = jax.random.uniform(seed, shap
x = params["Radius"] * jnp.cos(thetas)
y = params["Radius"] * jnp.sin(thetas)

Unlike ordinary EMD, not necessary to specify center / orientation!

Step 5: Plots!

3

CMS Open Sim 1-(sp)Ringiness 2 cMs Open Sim 1-(sp)Ringiness
2011AJets, 10k Events SHAPER 2011AJets, 10k Events SHAPER
+ SPECTER + SPECTER
4+ Closed-Form + Closed-Form

SPECTER SPECTER

(s)EMD

Step 2: Sample from Parameterized Shapes

80 °o® .... € ¢

Step 3: Calculate the spectral metric between
events and shapes
SEMDg,—2(s4,58) = 2E:Ejwli+ Y 2EEw}
i<je€a i<je€p

-2 Z WpWwi (min [SA(w:'), SB(wl'")] — max [SA(w;),SB(wl_)])

nefl, le€}
x O (Salwl) — Sp(w])) © (Sp(w;") — Salwy)) »
Key difference from previous work: We use the SEMD, not the EMD!

Step 4: Minimize w.r.t. parameters using grads

SPECTER

0.7 SPECTER
’ i CMS Open Sim Epoch: 0
MS Open Sim Epoch: 0 poch:
2011AJets, Event 0 2 2011Ajets, Event 0

0.375

0.000

Azimuthal Angle

i
|

i

i

H

i

|

|

|

-0375 |
i

|

Cumulative Spectral Function

e

Radius: 0.011 i

SEMD: 0.094 fadius: 0,011

—0.75 ISEMD: 0.094
20750 -0.375 0.000 0.375 0.750

Rapidity o

Pictured: Animation of optimizing for the radius R *

H
oo 0.2 0.4




