SPECTER: Efficient

Evaluation of the Spectral
EMD
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Email me questions at rikab@mit.edu!
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The Wasserstein Metric, a.ka. Earth/Energy Mover’s Distance (EMD) has
seen increasing interest in jet physics:

Performance on signal case h”
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Not an exhaustive list, let me know if | haven’t included your recent EMD application!
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The Wasserstein Metric, a.ka. Earth/Energy Mover’s Distance (EMD) has

seen increasing interest in jet physics:

on signal case h?

Searches and Anomanly Detection RE:
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Safe Observables for Colliders + Jets Correlations and Embeddings

/\ Not an exhaustive list, let me know if | haven’t included your recent EMD application!
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The Wasserstein Metric, a.ka. Earth/Energy Mover’s Distance (EMD) has
seen increasing interest in jet physics:
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But! The EMD is hard/expensive to calculate, and even harder to minimize...
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Today ...

An EMD-like metric with associated
EMD-like observables that is easier and
faster to calculate using the Spectral EMD
(SEMD) and SPECTER.

With the Spectral EMD, we can now (1)
evaluate distances between events in
closed form, (2) develop EMD-based
observables that are fast to numerically
evaluate, and (3) often write closed-form
expressions for these observables

1<je€A

nef3, lefy

SPECTER

i<je€p

SEMDg,2(sa,88) = Y 2EEjwl+ Y 2EEjw}
~9 Z wpwi (min [Sa(wy), Sp(w;h)] — max [Sa(w;, ), Sp(w)])

X O (5_4(&),'};) - SB(WI_)) e (SB(wl'*') — .5'4(w,f)) ;

/\ Logo made with DALL-E. Preliminary.
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Today ...

An EMD-like metric with associated

EMD-like observables that is easier and
faster to calculate using the Spectral EMD
(SEMD) and SPECTER.

With the Spectral EMD, we can now (1)
evaluate distances between events in
closed form, (2) develop EMD-based
observables that are fast to numerically
evaluate, and (3) often write closed-form
expressions for these observables

EXAMPLE
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How “ring-like” are Jets?
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With these tools,
we can evaluate
the red curve in
seconds,
equivalent to
~108 OT
problems’!

Or, for rings, we
can evaluate
using an exact
closed form
expression
instantaneously!
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nef3, lefy

SPECTER

Logo made with DALL-E. Preliminary.

i<je€p

SEMDg ,—5(sa,s8) = »  2EEw}+ Y 2EEw]

1<je€A

wpwi (min [Sa(wy), Sp(w;h)] — max [Sa(w;, ), Sp(w)])

X O (5_4(&),'};) - SB(WI_)) e (SB(wl'*') — .5'4(w,f)) ;

108 = 10k events X ~150 epochs
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Detector Representation
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The Spectral EMD
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Spectral Representation
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The SEMD automatically respects all
isometries of the metric w. In this case,
the SEMD is invariant under rotations or
translations of either event or jet
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[RG, Larkoski, Thaler, 23XX.XXXX]

The Spectral EMD: Closed Form

For p = 2, possible to find an exact solution for the optimal transport
problem on the spectral representation of events:

SEMDg,—2(s4,58) = »  2EEjw}+ Y 2EEjw}

1<je€A 1<je€fp

—-2 Z wnwy (min [Sa(wyy), Sp(w;")] — max [Sa(wy), S(w;)])

nefq,le€3
X O (Sa(wy) — Se(w;)) © (SB(w;") — Sa(wy)) ,

Can be computed exactly in O(N?logN)’, as opposed to the full EMD in O(N°)
Closed form, easy derivatives and extremely easy to calculate programmatically!

E?ot
SEMDp(sA,sB)E/ dE* |8, (E?) - S5 (B[
0

/\ "A 1D OT is usually O(K log K), where K is the number of points. Here, K ~ N?for particle pairs |
H
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[RG, Larkoski, Thaler, 23XX.XXXX]

The Spectral EMD: Closed Form

For p = 2, possible to find an exact solution for the optimal transport
problem on the spectral representation of events:

SEMDg,—2(s4,58) = »  2EEjw}+ Y 2EEjw}

1<je€A 1<je€fp

—-2 Z wnwy (min [Sa(wyy), Sp(w;")] — max [Sa(wy), S(w;)])

nefq,le€3
X O (Sa(wy) — Se(w;)) © (SB(w;") — Sa(wy)) ,

Can be computed exactly in O(N?logN)’, as opposed to the full EMD in O(N°)
Closed form, easy derivatives and extremely easy to calculate programmatically!

Our framework for doing S PEC TER
this, built in Python with JAX

See also: Sinkhorn, Sliced Wasserstein, WGANSs, Linearized EMDs, ...

/\ "A 1D OT is usually O(K log K), where K is the number of points. Here, K ~ N?for particle pairs |
H
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EMD = Work done to move “dirt” optimally

For events A, B, the p spectral
EMD is defined as (1D OT!): SEMDg (54, 5B) 5/
0

E;

dE2 |SZI(E2) _ Sél(EQ)lP

S = cumulative spectral
function

* indicates whether or not to
include w in the,sum

The spectral density function

The trick: Sum over pairs n

of particles within each N N
event. s(w)=Y_> EiE;é(w - w(i, )

i=l:4g=1 Pairwise Distances

Azimuthal Angle

°
o o o
& &

Looks like O(N#), but with Reduces events to 1D, while preserving .
clever sorting & indexing in all’ information about the event, up to
1D, reduces to O(N?)! translations and rotations. s oz obe oz

“up to measure 0, but important degeneracies, ask me about this later!

pectral Density ~ 25,
s o

E
°
o
N

e o
o o
g =2



https://arxiv.org/abs/2305.03751

[If we have time] The Algorithm

SEMD, S48 QEEwI + ZEEu,L . L
po=alsar9B) = D it 2, e This sum looks like it goes

i<jefa i<je€p > O(N4) f .
as as a sum of pairs
—2 Z wawr (min [Sa(wy), Sp(w;")] — max [Sa(wy), Sp(w;)] of pairs, but it turns ouet only
neé, le€p O(N?) terms survive the
O (Sa(wi) — SB(w;)) © (SB(w]") — Salwy)) ™ ©-functions!

The Trick: Pre-compute which pairs will activate the ©-functions by using the
fact that in 1D, distances w can be sorted!

SPECTER

Sp(wi-1) < Sa(wn) < Sp(w) OR  Sa(wn-1) < Sp(wr) < Sa(wn)
..... I I | T I I Lesigii
40— GarennnnE i m| - annmnnn™ 5| o H i . -
: : The inequalities can be
P d B 1 i 1 evaluated efficiently on
]=2l JOR= | | sorted lists, bringing the
s = @ (¥ total runtime to
. it 13\?;11-;:(2\!0:— . For each n, the first { such 1I|at— b For each . the first n such tlmt— O(NZI og N) .
In| <11.94p,~ € [1.175.525; (I';o\' : Su(T:_l) < S,.I(wu.) < Sp(wr) SJ(»I',,_,) < S_ll(wy) < S_,;%)

10 20 30 40
Event A index n

0!
0

10

20 30 40

Event A index n

0
0

20 30

Event A index n

40

Ask me afterwards if you want more details on the algorithm and how the code works!
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SPECTER is FAST (BOOSTED)!

Running on a single GPU on my local compute cluster ...

SEMDs between jets
with ~100 particles
can be computed at a
rate of one million
SEMDs per second!

Highly parallelized:
Efficiency gains by
processing many
events at once!

K =S SRRLLL IR L AL L =
GPU Runtimes
Cluster NVIDIA A-100, 16GB
j}*\ 4
102k= = SPECTER o
3 sl
P 10~
- SHAPER[ o5 & |
= — POT o7
.E* 100_ o7 —
) a’
s
O _
E " \“\\(.\‘ P v
=107 \ ’
g @ batt v =
:‘g \\\\‘I\)\\(\ ‘ .W PSRN eeD! ’._."’ ‘\-\\:
E 10 R e S e i L
100 [pate & -
10~ 0= 1000 fost ‘a | N
\\\\m\\'\“ vy
Corrond o rod sl il
101 109 10! 102 103 104

Number of particles N

[RG, Larkoski, Thaler, 23XX.XXXX]

Worst case SEMD scaling is
O(N?ogN) ... SPECTER
beats it in practical settings!

=
12)
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Pairwise (S)EMDs

We can now easily evaluate 7
SEMDs between pairs of :
events! @ %

21 ¢
The SEMD and EMD are not 8 |
the same metric, but they ﬁ- A
are correlated, and this 5 | =
correlation can be different g g
for different types of physics! = %
The SEMD is invariant to = :
translations and rotations of é
the jets, but the EMD does \

not and this needs to be
minimized over.
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The EMD vs. The SEMD

The SEMD is topologically different from the ordinary EMD!

‘ E=1/6 SpCCtral e E%qilatelral
- riangle
@/’Q %\\'p %’R' g— 1/2 Space - . e
- f ‘V~
° ® E.= 1/2 =75 SN

w=R
E=2/3 E=1/6

e 2-particle
Events

This three particle event looks very different
from this two particle event, and thus they
have a large EMD.

But their SEMD is zero! The SpeCtraI function The space of events gets “pinched” at degenerate

only cares about pairwise distances and configurations when looking at only their spectral
' ' tati

degenerate configurations can occur. representations

~—\I'his can come into play when events have 3 hard prongs, e.g. top jets!
/1D) Rikab Gambhir — BOOST — 31 July 2024 Gilllir



SEMD Observables

With a geometry based metric, we can now
define IRC-safe shape observables by
finding events that minimize the metric:

E'eM

O(€) = min [SEMD(s(€), s(&)]

e.g. How 2-pointy are jets? (3-subjettiness)
Minimize the metric over 3-particle events
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[Ba, Dogra,

Observable = Manifolaagm

Many existing observables have this form!
Observables = Manifold of Shapes

e N-subjettines = Manifold of N-point events

RG, Tasissa, Thaler, 2302.12266

om(E) = Jnin, EMD(E, &)

6 = argmin EMD(E, &)
EreM

e N-jettiness = Manifold of N-point events with floating total energy

e Thrust = Manifold of back-to-back point events

e Event Isotropy = Uniform distribution
e ... and more!

Al of the form “How much like [shape] does my event look like?”

We generalize this to build more observables!

)| Seei.e. my talk from U
BOOST 2022!
T T T T T T
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Full Example: How “ring-like” are jets?

Step 1: Define the shape with parameters
A=E, ./ 21R

def sample_circle(params, N, seed):

thetas = jax.random.uniform(seed, shap
x = params["Radius"] * jnp.cos(thetas)
y = params["Radius"] * jnp.sin(thetas)

Unlike ordinary EMD, not necessary to specify center / orientation!

Shapes are parameterized
distributions of energy on the
detector space.

Many of your favorite observables,
like N-(sub)jettiness, thrust, and
angularities take the form of finding
the shape that best fits an event’s
energy distribution.

Custom shapes define custom
IRC-safe observables — to define a
shape, all you need is to define a
parameterized energy distribution
and how to sample points from it!

16)
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Full Example: How “ring-like” are jets?

Step 1: Define the shape with parameters
A=E, ./ 21R

/

def sample_circle(params, N, seed):

thetas = jax.random.uniform(seed, shap

x = params["Radius"] * jnp.cos(thetas)
y = params["Radius"] * jnp.sin(thetas)

Unlike ordinary EMD, not necessary to specify center / orientation!

The p = 2 spectral EMD between two sets

of discrete points has a closed-form
solution with only binary discrete
minimizations.

We discretize our shape by randomly
sampling points from it.

If the spectral functions are sorted, can
compute the SEMD in ~O(N?logN) time!

|

Step 2: Sample from Parameterized Shapes

.... S
86 ..o 0.. E ° .
o
> o o.
‘ S
o )
( .
00.0" o

Step 3: Calculate the spectral metric between
events and shapes

SEMDg,—2(s4,58) = 2EEjwl+ Y 2EEjw}

i<je€a 1<jelp

-2 Z WnWi (min [SA(w:'), SB(wf)] — max [S4(w;) SB(wl_)])
nefl leE}

x O (Salw;) — Se(w;)) © (SB(w}") — Salw;)) .

Key difference from previous work: We use the SEMD, not the EMD!

17 )
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Full Example: How “ring-like” are jets?

Step 2: Sample from Parameterized Shapes
. . 0o :
Step 1: Define the shape with parameters 89 .0. % € ¢
o 0 y
A=E, /21R > 'Y ® o
tot
71 o o
def sample_circle(params, N, seed): ® ..
[
thetas = jax.random.uniform(seed, shap o .. .
x = params["Radius"] * jnp.cos(thetas) .‘... )
y = params["Radius"] * jnp.sin(thetas)

Unlike ordinary EMD, not necessary to specify center / orientation! Step 3: Calculate the spectral metric between
events and shapes

SEMDg,—(sa,s8) = Y 2EEjwi+ Y 2EEw]

We have an explicit formula for th_e 2 Y e i [Sa (). Sn(e)] - max [Saer) S
spectral EMD, so we can automatically

differentiate through it

x O (Salw;) — Se(w;)) © (SB(w}") — Salw;)) .

Key difference from previous work: We use the SEMD, not the EMD!

Standard ML procedure: Sample, Step 4: Minimize w.r.t. parameters using grads
calculate gradients, gradient descent, =
repeat! Analogous to WGANS.

Azimuthal Angle
|

-073p

750 -0.375 0.000 0.375 0.750
Rapidity

/\ Pictured: Animation of optimizing for theradlus R
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Our code framework °
Full Example: How “ring-like” are jets? s P E CTE R for these calculations ...,
Step 2: Sample from Parameterized Shapes
o0 o
Step 1: Define the shape with parameters 89 .0. ... € ¢
) o g
A=E, /21TR ® o
tot //’ ° ..
def sample_circle(params, N, seed): ® ..
® o
hetas = jax.random.uniform(seed, sha o () ‘o
::( =tparam:s|["Radius"] ki jnp.cos(thetas'; .‘... )
y = params["Radius"] * jnp.sin(thetas)
Unlike ordinary EMD, not necessary to specify center / orientation! Step 3: Calculate the spectral metric between
events and shapes
. ; SEMDg —s(s4, $8) = 2E;Ejw} + 2E; Ejwl;
SPECTER is our code interface for 2, =,
performing these steps: sampling from B SR R
user-defined shapes, calculating RO Saln) ~Ia(wy)) O (S8l ~9akar)) »
Spectral fu nCtIOHS and d |fferent|ab|e Key difference from previous work: We use the SEMD, not the EMD!
EMDS, and optimizing over

{ Step 4: Minimize w.r.t. parameters using grads
pa rame erS. 0.75 SPECTER 12 SPECTER

Built in highly parallelized and :
compiled JAX A

-073p

Azimuthal Angle

750 -0.375 0.000 0.375 0.750
Rapidity

Pictured: Animation of optimizing for the radius R~
/\ SPECTER is a “sequel” to SHAPER, introduced last ML4Jets. SPECTER is not an acronym, don’t ask me what it stands for.
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Our code framework
Full Example: How “ring-like” are jets? s P E CTE R for these calculations

SPECTER

Step 2: Sample from Parameterized Shapes
. . 0o :
Step 1: Define the shape with parameters 89 .0. % € ¢
o ® s
A=E,_/21R > 'Y o o
tot
P71 o o
def sample_circle(params, N, seed): ® ..
[
thetas = jax.random.uniform(seed, shap o .. °
x = params["Radius"] * jnp.cos(thetas) .‘... )
y = params["Radius"] * jnp.sin(thetas)

Unlike ordinary EMD, not necessary to specify center / orientation! Step 3: Calculate the spectral metric between

events and shapes

SEMDg,—2(s4,58) = 2EEjwl+ Y 2EEjw}
i<je€a 1<jelp
-2 Z WnWi (min [S,;(w;:'), SB(wf')] — max [S_.‘(w,:), SB(wl_)])
ne&l, le}
x O (Salw;) — Se(w;)) © (SB(w}") — Salw;)) .

Pictured: 15k Jets, PYTHIA 8 QCD Jets

Key difference from previous work: We use the SEMD, not the EMD!

RN

. . . e .
W T T Step 4: Minimize w.r.t. parameters using grads
[ SPECTER 5 i 5 15 SPECTER
50 [ SHAPER 1- § t=—+ DHARBR I Ringines o730 :ZS:I:R Epoch: 0
3 Exact Spect 8 i 271 Exact Spectral — poch:
0F (Spectral) EMD | : I::(-ISP%%%&} dameter 0375 -
2 PEVTHIA 8.3 2 6k PYTHIA 8.3 | o : i 3
g ) s /5 =14 TeV 24 CD Jets, /5 = 14 TeV 5 e 508
gl QCD Jets, /5 = 14 TeV _| & Q 3 ; 2 . :
k- 30 ol < 55,90 € [500,550] GoV £ ) [n] < 2.5, pr € [500,550] GeV 3 oon0 ) £,
= e 2 &
21 - £ ¢
< 204
2 —~ -0.375 p g
10} 4 . : 3 |
S, i o | Y oo
0 1 1 ] 0 e —— = 0758756 —0375 0000 0375  0.750 PEMD: 0.094
000 002 004 006 008 010 00: 02 “f‘{ . 06 08 10 ' T Rapidity ' 00T oz o4 0% 98 1o
adis . . . . .. . w
BMD) Pictured: Animation of optimizing for the radius R

< .
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Full Example: How “ring-like” are jets?

Step 1: Define the shape with parameters

Alternatively...

A=E,/ 21TR

def samp

Unlike ordinary EMD, not necessary to s
—

Pictured: 15k Jets, PYTHIA 8 QCD Jets

The spectral EMD, and its optimization, are often
partially or completely solvable in closed form!

2 : T : ™
Ropt = = Z Wn |80 | o Z (2EE)m | —sin SEZ z (2EE)m
T
neg? ot <mee? ot emeg?
Wy <Wntl wm <Wm+1 Wi <Wm4+1

SEMDg p—3 (8, Sjet ring) = Y, 2EiEjuwij — 2E g, Roy
i<je€
For many shapes, we can completely short circuit
having to perform expensive optimization over an

optimal transport problem entirely!

Step 5: Plots!

60T

T T T
(sp)Ringiness
[ SPECTER spRinginess
"] SHAPER 1-Ringiness ]|
[ Exact Spectral

(Spectral) EMD |
HIA 8.3
QCD Jets, /s =14 TeV _|
0] < 2.5.pr € [500,550] GeV

77! SHAPER 1-Ringiness
©Z7! Exact Spectral ~
~T(Spéctral) Parameter
PYTHIA 8.3 |
QCD Jets, /s = 14 TeV

[n] < 2.5, pr € [500,550] GeV

4
0.6
Radius

0.2 0.4 0.8

0 |
0.00 002 004 006 008 0.10
EMD
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7Pl

To distinguish SEMD observables from EMD observables, | will add s or “sp”
Hearing Jets (sp)Ring  * O

Small R Jet Large R Jet
EMD Spectral EMD
10 1-Ringiness, SIM Jets, Epoch init 0750, SPECTER 1D SPECTER
Epoch: 0 f Epoch: 0
1.0
05 0.375 s
@ TR ¥ g e £ 0.8
o P 2 s
< T 7 B T
<c_(5 "-q“ 'O.f ©
2 00 0.000 E 2 0.6
S . n
(V]
5 2
5, e g 0.4
05 =, -0.375 gy E
Radius: 0.011 0.2
x: (-0.00, 0.00), z: 1.00, Rad: 0.00 sEMD: 0.094
EMD: inf -0 7§9
= — I
105 — — =& = 750 -0.375 R(;Oi(()j(i)t 0375  0.7' oo
Rapidity I w
Calculated using SHAPER Calculated using SPECTER
Position of ring must be Translationally invariant — no need to optimize over position
optimized — can use as jet Secretly a 1D optimal transport problem over the spectral function
algorithm

/\ . . L
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Hearing Jets (sp)Ring

Runtimes (NVIDIA A100 GPU):

SHAPER (EMD): ~ 3 hours / 10k events

Generalized SPECTER: ~5 seconds / 10k events

Closed Form SPECTER: ~ < 0.01 seconds / 10k events

60 = | | | i . | |
’ (sp)Ringiness
[ SPECTER spRinginess
50 - 1 SHAPER 1-Ringiness
[ Exact Spectral
) 0 (Spectral) EMD
*_'_:, PYTHIA 8.3
2 “;0 - QCD -]ets, ﬁ o 14 Te\‘f o
5 In| < 2.5, pr € [500,550] GeV
20 - =1
i ,I\‘\M i
lonnstal, | 1P
0 1.50 _E SPECTER / SHAPER
0.00 0.02 004 0.06 0.08 s )
Pl PtHA R D Ratie
E]‘\ID :E 1.00  QCD Je;s. \/? =14
ﬁ |n] < 2.5, pr € [500£55! V]
5 0.75

0.50

0.25

0.00

Lo 0oy

LELLLL B

W

102 10! 10°
SEMD / EMD Ratio

10!

Density

10

6

The SEMD and EMD are

qualitatively different,

similar radii!

but give

They probe the same event

length scale

| I I

|

—_——

Exact Spectral

QCD Jets, /s =

04 06 |,
Radius :
(=]

I
(sp)Ringiness
SPECTER spRinginess
SHAPER 1-Ringiness

T {Spectral) Parameter
PYTHIA 8.3

In| < 2.5, pr € [500,550] GeV

14 TeV |

251!

F ]

(sp)Ringiness :
-7} SPECTER / SHAPH
L)

—T3gs

20 !
(Spectral) Parameteri tio

PYTHIA 8.3 ]

L QCD Jets. 5 = 14 Tevi ]

15 In| < 2.5, pr € 500, 550/{GeV 7]
L]
1
H]
1.0} & -
[ ]
U
]
-
0.5 F —
U
r
i \*l_dl
0.0 L P | | 2
(1t 10°

Spectral / Ordinary Radius Ratio
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Lots of Observables!

Event and jet shape observables can be defined as the (S)EMD between events and
any parameterized set of ideal events!

Some examples ...

How disk-like are jets?

o= T T T T =]
(sp)Diskiness
60 | [ SPECTER hpDiskincss_
[ SHAPER 1-Diskiness
50 -
: (Spectral) EMD
=0k PYTHIA 8.3 |
Z QCD Jets, /5 = 14 TeV
5 30 |y < 2.5.pr € [-")UU. ')')0’ GeV
20 =
10 -
Ar\M’IL’L_" s
0 e JI‘UT‘L—'“L"\“\I

0.00 002 004 006 008 010
EMD

[No closed form for sDiskiness — not all

observables have closed forms]

Density

If QCD jets were lines, how
long would they be?

T
1 @ (sp)Lineliness
&4 El". r--4 SPECTER spLiuclinms_
3.0 - g 3 C__! SHAPER 1-Lineliness _|
it 771 Exact Spectral
25 &4 " {Spectral) Parameter
[ PYTHIA 8.3
2.0 . QCD Jets, /s = 14 TeV —
L |n| < 2.5.pr € [500.550] GeV
L5 ?#} ]
-

§ !
Lo|- | NN -
8 3
e e
051 I & ™ 8
at 1 ": ﬂ"..
:‘ I'l -
0.0 L ] Slom ot ‘:'L.\h
0.0 0.5 1.0 1.5
Length
[} 2 ) % 3/9
pt(se) = 2 ;} wn [5*’(@'"] + £ (B2 — S*(wa)) B2
W <Wn41

T -

> o 3/2
n —E(Efm—s (wn)) /]

Closed-form lines!

"[Cesarotti, Thaler, 2004.06125]

Everything | said today applies to full
events on the celestial sphere as well as
localized jets!

How isotropic’ are events?

T T T T T T
3.0 Event splsdtropy
SPE(YTEll'}r!sp sotropy
[ Exact S;ﬁtralw -
I POT Isatropy

(8]
o
I

Density

0.0 0.2 0.4 0.6 0.8 1.0

EMD
2 —4
Otsotropy (s€) = > 2E:Bjw}; + i 5 EL—2 Y. wa[ff(n) - f ()]
i<je€ neé?
Wy <Whal
+ - E3 2 + + —1 5% (wn)
5 (n) = VS*(wn)\/ Bt — S*(wn) + S™(wn) cos 1- QE—?‘
fot

5 S*(wn)
o 0 1 i (0. el et 2
tot ( Etm

Closed-form isotropy!

ZN
24
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Things to think about:

Speed: | am not a computer scientist; SPECTER could probably be made
even faster with more clever and better programming.

Degeneracies: The EMD and SEMD are different, especially for equilateral
triangle configurations — how often do these configurations occur in different
theories?

Closed form Observables: Not every shape has a completely closed-form
solution, but it is usually possible to partially simplify and reduce the
problem to 1D minimization, 1D root finding, or simple 1D numeric integrals.
Can we understand this better?

Perturbative Calculations: Closed-form and simple expressions means
perturbative calculations may be possible — can we predict the radius of a
jetto LO, NLO, LL, NLL, ...?

Theory Space: There have been proposals to use the (S)EMD between
events as a ground metric for an OT distance between theories. With
SPECTER, this could now be numerically viable!

Happy to talk with you about any and all of these afterwards!

2)
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Conclusion Pictured: The
spectral-BOOSTIAMO!!!-ness

of QCD Jets!

The spectral EMD can be used as an alternative to the

EMD. It is fast and easy to minimize. |

(Spectral) EMD
PYTHIA 8.3

QCD Jets. /5 = 14 TeV

Il < 2.5, pr € [500,550] GeV

SPECTER is a code package for efficiently evaluating
the spectral EMD and calculating shape observables.

With the spectral EMD, many jet observables can be
understood in closed form.
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Appendices
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The EMD

Definition:

, Qi
EMDg r(£4,E8) = min Y > fus (" ol
Job} ie 74 bes

+| 2 Bam ) By

ac.J 4 beJp

such that

Jab 20, Z Job £ By, Z Jap < Ep, Z Z Jab = min( Z E,, Z Eb)

bEIB QEJ__\ QE.IA bEIB 06-1_4 bé]B

/\ . . H
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Ground Metrics

For local jets on the rapidity-azimuth plane:

B = \/(Qbi — ;)% + (yi — y;)?

For global events on the sphere:

wij = |0ij]
2 Pi - Pj
= 1 —
o (158

/\ In principle, could have picked chord length rather than arc length
N
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SEMD to EMD Ratios

If QC

D jets were lines, how

"[Cesarotti, Thaler, 2004.06125]

. . . . . 1
How disk-like are jets? long would they be? How isotropic' are events?
-0 T T T T T] L 1 U T 7 T T T T T T
(sp)Diskiness sl & (sp)Lineliness 3.0 Event splsdtropy
o 8 SN > - [l
; [ SPECTER spDiskiness ik £--. SPECTER spLineliness SPEC YTEllijsp sotropy
g [ SHAPER 1-Diskiness 3.0k B L--. SHAPER 1-Lineliness 251 [ Exact Sp}"tral'f: -
; L 771 Exact Spectral ] POT Is(?llﬁ)pv “l
A0 = = 1 | LA N
: (Spectral) EMD e ~~{Spectral) Parameter 2.0 :
Z a0l PYTHIA 8.3 | 2 ; PYTHIA 8.3 =
2 QCD Jets, /s = 14 TeV Z 201 J QCD Jets, /s = 14 TeV — B e
5 30 [n] < 2.5, pr € [500,550] GeV | Q" - I [n| < 2.5, pr € [500.550] GeV 5 L5
el i 10
20 1.0
10| : . 05 0.5
“ha finey pn o
0 _ e 0.0 0.0
0.00 002 004 006 008 010 00 02 04 06 08 10
EMD Length EMD T
e (sp)Diskiness 1.6 - (sp)Lineliness Event splsotropy
[ SPECTER / SHAPER "7} SPECTER / SHAPER [ SPECTER / POT
ok el 141 2.0 -
9| (Spectral) Parameter Rat
1.0 |- (Spectral) EMD ] L2~ pyTHIA 8.3 [ (Spectral) EMD Ratio
- PYTHIA 8.3 —— QCD Jets, /s = 14 TeV b _ ;e PYTHIA 8.3 _
= 08| QCD Jets, /s = I lTeV, | Z U Il < 2.5,pr € [500,550] GeVi i =5} QCD Jets, /5 = 14 TeV
5 | Inl < 2.5, pr € [5(0,550] GeV E 08k :' l: i E [n| < 2.5,pr € [500,550] GeV
S 06 A g 210 &
0.6 [ Y =
[
0.4 E ]
- [ —
0.4 :, l: 0.5 o
0.2 0.2 ad k ]
i L|l 1
0.0 - - | 0.0 i 1 [T o T 0 T ol & Mot L a1 0.0 A - Lo ol
103 1072 10! 10° 10 10! 10° 1073 1072 107! 10° 10!
7 SEMD / EMD Ratio Spectral / Ordinary Length Ratio SEMD / EMD Ratio
\
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Degeneracies (Continued)
. E=1/6

0 .E For t_hls precise energy
2 configuration, equilateral
o’ O E, triangles are exactly
E=2/3 E=1/6 degenerate with 2 particle
010 SPECTER events — so the §pectra| EMD
N =180 Isosceles Events Only sees 2 part|C|eS!
—— General SPECTER, t=0.37s
0.081 —— Reduced SPECTER, t=6.Tms . .
— (SHAPER)?, t—2.9s Only measure 0 configuration
@ of events — but events near
£ 0.06 . .
£ this give spectral EMDs near
E zero against 2 particle events.
£0.04
ol
0.021
0.00"

76 /3 a2 2x/3 5q/6 =
Opening Angle [Rad]

/\ *with the right energy w.eigi
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Shapiness A

The EMD between a P Answers the question:
real event or jet £ and R R S “How much like the
idealized shape &£’ is S as B shape €’is my event £?”
the [shapeliness of € — - -
a well defined IRC-safe - e & F :
observable! ' >
Med EMD(&, &) Low EMD(&, &) High EMD(&, &)

“Gausiness’” “3-Pointiness” “Smileyness”

Ac Ac Ac
X %
- - -
Shape = 2D Gaussian Shape = 3 Points Shape = Smile

/\ . _ -
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Mathematical Details - Shapiness

Rather than a single shape, consider a parameterized manifold Mof energy
flows.

e.g. The manifold of uniform circle energy flows: A €6

1 T — Fo| =
¥ — Yo| = 7o
8 J — 27‘(‘7’9 ~ ~
o V) {0 |7 — G| # 7o
_
Then, for an event &€, define the Om(€) = gmijl\l/t EMD(ﬂ’R)(& &)
shapiness O, and shape parameters 9
0,, given by: Orm(E) = argmin EMD(8:R) (&,&)
EpeEM

/\ . . L
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[P. Komiske, E. Metodiev, and J. Thaler, 2004.04159;

J. Thaler, and K. Van Tilburg, 1011.2268;

I. W. Stewart, F. J. Tackmann, and W. J. Waalewijn, 1004.2489.;

S. Brandt, C. Peyrou, R. Sosnowski and A. Wroblewski, PRL 12 (1964) 57-61;
C. Cesarotti, and J. Thaler, 2004.06125]

Observables & Manifolds of Shapes

Observables can be specified solely by ~ Om(E) = min EMDPH) (€, &),

>€ . | EgeM
defining a manifold of shapes: Or(E) = argmin EMDPB) (£, &),

EpeM

Many well-known observables’ already have this form!

Observable | Manifold of Shapes

N-Subijettiness | Manifold of N-point events
N-Jettiness | Manifold of N-point events with floating total energy

Thrust | Manifold of back-to-back point events

Event / Jet Isotropy | Manifold of the single uniform event ... and more!

All of the form “How much like [shape] does my event look like?”
Generalize to any shape.

/\ "These observables are usually called event shapes or jet shapes in the literature — we are making this literal!
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Full Example: How “ring-like” are jets?
Step 2: Sample from Parameterized Shapes

o0 o
Step 1: Define the shape with parameters 80 0® " "% € °

J=E,/ 21R

def sample_circle(params, N, seed):

thetas = jax.random.uniform(seed, shap o
x = params["Radius"] * jnp.cos(thetas)
y = params["Radius"] * jnp.sin(thetas)

Unlike ordinary EMD, not necessary to specify center / orientation! Step 3: Calculate the spectral metric between
events and shapes
SEMDg,—2(s4,58) = 2E:Ejwli+ Y 2EEw}
i<je€a i<je€p

-2 Z WpWwi (min [SA(w,f), SB(wl'")] — max [SA(w;),SB(wl_)])

nefl, le€}

x © (SA(L«JI) - SB(W[_)) S} (SB(W['-) = SA(W;)) s

Key difference from previous work: We use the SEMD, not the EMD!

3
CMS Open Sim 1-(sp)Ringiness 2 cMs Open Sim 1-(sp)Ringiness
2011AJets, 10k Events - | SHAPER 2011Aets, 10k Events | SHAPER o SPECTER
SPECTER + SPECTER "7 | cms open sim . CMS Open Sim Epoch: 0
+  Closed-Form + Closed-Form 20114Jets, Event 0 SEacil 2011Afets, Event 0

SPECTER

Step 5: Plots! o _
Step 4: Minimize w.r.t. parameters using grads

0.375

0.000

Azimuthal Angle
Cumulative Spectral Function

i
i
i
i
i
i
i
i
|
-0.375 . i
i i
Radius: 0.011 5 8
SEMD: 0.094 adius: 0.011
—0.75 ISEMD: 0.094
20750 —0.375 0000 0375 0750 o

H
oo 0.2 0.4

0.02 - Rapidity

(©EMD ' ' ' fus Pictured: Animation of optimizing for the radius R~




CPU Runtimes

1.92

ALY AL R R L R

CPU Runtimes | ///W 215
il Laptop i7, 8GB /:,// ~ N2t
SPECTER ;/ ’

e=1073
e SHAPER7 4 g5
— POT
I

1073 oot

Runtime per event [s]

10 %

ak
10 [batt

\

Q ‘\\1\\\

\I“‘IIIIII IR IR AR R
10° 10! 102 103 10

Number of particles N

/\ N
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